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§1. Introduction & Motivation

ebrane world scenario

It is interesting and important to
study the fat brane scenario in a
case that a codimension is 1(2),
that is, domain walls (vortices).
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It is natural to consider domain walls (vortices) which are realized as
1/2 BPS states in a 5D(6D) SUSY theory. Therefore, it is important
to investigate effective theories on domain walls (vortices), preserving

the half super symmetry.



e Moduli Spaces

Moduli spaces for 1/2 BPS states in non-Abelian gauge theory
were determined by

| | codim. | |
instantons 4 ADHM
monopoles 3 Nahm
vortices 2 | Hanany-Tong
(domain-)walls| 1 INOS

e Effective actions on walls and on vortices
We obtain formulas for effective actions on walls and on vortices in
superfield formulation by Manton’s method.

moduli parameters ¢® — massless superfields on solitons ¢*(x*, 9)
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§2 1/2 BPS Wall Solutions and Their Moduli Space

Phys.Rev.Lett 93(2004)161601[hep-th/0404198], hep-th/0405194

e Our model: 5D SUSY U (N¢) gauge theory
with Ng(> N¢) fundamental hypermultiplets

Field contents (bosonic part): (M, N =0,1,2,3,4)
Vector multiplet: gauge field W), adjoint scalar 3.,
Hyper multiplets: complex N¢ X Ny matrix (H*)™ = H"4,
SU(2)gt=1,2, colorr =1,--- ,Ng, flavor A =1,2,-.- Ng

Our Lagrangian (bosonic part)

£ = T {(Fan (W) + S TE(DE)?
g g

bosonic

+ (DmH),, DMH™ — Vg



The scalar potential of this model

g2 . - 2 # A
Voo = —Tr| (e — (o™i H'HY )" |+ HI, (5 — ma) H

Fayet-Illiopoulos parameter: ¢, = (0,0,c > 0)
non-degenerate masses M 4:
If my; > mgy > -+ > mpy, then SU(Np) — U(1)Nr~!

color-flavor locking vacua

Vacua are labeled by (A, Ay, -+, An,)
Hl’rA — \/E(SATA, HzTA p— O’ 2 = diag(mAla R mANC)
Ng!
F#vacua =

Nc!(Ng — Ng)!

where U (1)VF-1 — broken



For example, three vacua with Ng = 2, Ny = 3

vacuum (1, 2)



Bogomol’nyi bound for walls
with boundaries (A) at y = oo, and (B) at y = —oo,

£ = (Lh.s of BPS eqgs.)® + Tyan
N¢c

o0 Nc
> Tyan = / dyTr[0,(cX)] = c ZmAr — ZmBT > 0
r=1

—0o0 r=1

1/2 BPS equations for walls
We find a set of BPS equations: (M)4p = m4645p

0=D,H +XH'— H'M
2
0 =D, — %(c _ H'HY)

we assume that solutions depend on only a coordinate z* = v,

and for lorentz symmetry along the walls,

W, =0,(p=0,1,2,3).



e Solutions of the 1/2 BPS Eqgs. for walls
Phys.Rev.Lett 93(2004)161601[hep-th/0404198], hep-th/0405194

> +iW, = §719,8, W,=0

H'(y) = S™'(y)Hoe"?,  H*=0
with an arbitrary constant N¢ X Ny matrix Hj, and an S(y) € GL(Ng¢, C).

‘Master equation’ for a gauge invariant quantity Q = SS7

920 — (0,2)Q271(8,Q) = g* (¢ — Hoe*YH,)

Physical fields 3, W,, H' can be obtained by given H,,
Hy — Q(y) — S(y) — =, W,, H'

H, parametrize the moduli space for walls.



The simplest example with Nc = 1, Ny = 2 and M = diag(m, —m)

A solution with Hy = 4/¢c(1,1) in the strong coupling limit g — oo

¥ 4 1W, = mtanh(2my)
H' = S 'He™
e e Y
= +/cC
Ve <\/cosh(2my), \/cosh(me)>

. vc(1,0) : vacuum (1) at y — oo
vc(0,1) : vacuum (2) at y — —o0

my




Total Moduli Space
The toatal moduli space of Walls is the deformed complex Grassmann
manifold.

SU (Ny)

Mtotal — QG ~
NPNC T QU (Ne x SU(Ne — Ne) x U(1))

wall

dimMtotl = 2 N (Ny — N¢)

wall

( N¢(Ng — Ng) : positions of walls
= < 4+ N —1 : NG modes
|+ (Nc—1)(Nrk = Nc—1) : QNG modes

Let us promote
moduli parameters ¢® — massless superfields on the walls ¢ (x*, 0)
and obtain an effective acton on the walls.
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To obtain the effective action with manifest supersymmetry, let us
consider superfield formulation respecting the unbroken half super-
symmetry on the BPS walls.

superfield respecting configurations for walls

Hypermultiplet — chiral : H!(zx, 6?)|9:0 = H'(x),
chiral : H?(x, 0)‘0:0 = H?(x)
5D vector multiplet — chiral : 3(z, 0)|,_, = Z(x) + iW,(x),
vector : V(x, 0, é)’éwe = Wy(x), (WZ gauge)



5D Action in superfield formulation A.Hebecker Nucl. Phys. B 632, 101 (2002)

Ly, = /dyL
— — Lwall

-4 o A )
—|—/dyd49Tr ﬁ(e_szyem/)2 + ZCV]
| <g

.+/dwfmniﬁﬂgmnw>kﬁwgfgﬂ
+ / dyd>6 [ Woew,, + H* (D H' — ﬁlM)] + c.c.
where
Tyan = [Tr(cX)]>
covariant derivatives
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Manton’s Method (slow moving approximation)
o, = O(1)¢, O,06=0N¢p, AKL1, pn=0,1,2,3
— For consistency with SUSY, we have to take rules,
o 1
di ~ — ~ O(A\2)
00
By use of these rules, we can set ansatz for wall configularations cosis-
tently.

H' ~ 01), H?*~ 0O
X~ 01), V~O(), (W,~OW)

= / dyd?0 [ W“W] ~ O\, / dyd*6Tr [Iaﬂzewﬂﬂ ~ O\

Omitting O(\*) terms,
=3 N = 2 theory is broken into N =1




‘CW — —Lwall
1 SR ~ R A A
-+ / dyd*0Tr [ﬁ(e_szye2v)2 + 2cV + H“e‘zvﬂll
g
+ / dyd?0 [ It (D, A" — F'M) | + c.c.
Equations of motion for auxiliary fields V', HZ?,
f)y(e—szﬁyezv) — g2 (c . 6_2VIA{1IA{”)
b,A' = H'M
e the lowest components of these Eqs. — 1/2 BPS equations for walls

e higher components of these Eqs.— equations for y-dependence
of higher components

All components of these equations are solved with a chiral fields S by
X =S _18yS ,

H' = S 'H oeMY

H,: y-independent chiral fields



and the vector field 2 = Se?V St are determined by
supersymmetric master equations

By(Q_lc‘?yQ) = g%(c — Q 1Hye*MYH,)
Solutions are obtained by use of the solution of the bosonic master eq.
Q= Qsol(H07 H(J)r) — Q — QSOI(I:I07 I:I(])L)

By substituting these solution, we obtain

‘CW = —T%an + /d40Kwall + O(A4)

which turns out to be an effective action on the walls.
Kahler potential of the effective action is given by,

1 . . N .
Kol = / dyTr [—(Q—layﬂ)2 + clog Q + Q—lﬂoezMyH(‘;] .
292 Q=041

. 7/

Ve

Lagrangian for Q) with a source IEIOezMyIEIg




Example with SU(N)g X SU(N)g/y, (Np =2N¢ = 2N)

Hypermultiplets: H* = (Hj_, H)
N N 1 o
N 1 N |-z

n

Hi
H?*

A moduli matrix for IN-walls solution is
Hy = /c(1n, €%)
where a moduli parameter ¢ is an complex N X N matrix.
I ¢ — é(=x,0): chiral field
Kahler potential of the effective action for arbitrary g:

Koy = ﬁ’I‘r [(1og(e¢e¢*))2] L O

We believe that this gives Skyrm model in superfield formulation.



34. Effective Action on Vortices
e 6D N = 1(8 SUSY) theory (M = 0) in superfield formulation

N. Arkani-Hamed, T. Gregoire and J. Wacker, JHEP 0203, 055 (2002)
| Neglecting halves of N = 2 supermultiplets
e 4D N = 1(4 SUSY) effective theory on BPS vortices
L, = —2mck  + / d*OK yoriex + O(AY)

tension of k vortices
Kahler potential of the effective action,

1
Kvortex — _./dde*LQ|A R
27/ Q:Qsol

Lo

2 . A A 4 — A A N
Tr [—2(9_189)(9_189) + clog 2 + Q_1H0Hg] + Lwzw
g

with a Wess-Zumino-Witten term
_ _sinh Lq) — L(I)
od odb|,
L2
&

/:WZW — 5
g
where

® =log, LsX = [®,X]



§5. Summary and Discussion

e We obtain formulas of effective actions on walls and on vortices in
superfield formulation

e Neglecting halves of N = 2 supermultiplets consistently
= Obtaining an effective action on a 1/2 BPS state

o Kahler potentials for effective actions are obtained by Lagrangians
which give supersymmetric master equations of {2 as equations of mo-
tions.



There are many future problem.
Quantum corrections

Generalization: non-minimal kinetic term, SUGRA, adjoint scalars,

other gauge group,...
Localization of gauge fields
SUSY breaking
Method to construct the effective actions without exact solutions

Investigation of solutions in the case of g% < oo



